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Abstract 

Given a countable set X (usually taken to be N or Z), an infinite permutation vr of X is a linear ordering 
of X, introduced in [6]. This paper investigates the combinatorial complexity of infinite permutations 
on N associated with the image of uniformly recurrent aperiodic binary words under the letter doubling 
map. An upper bound for the complexity is found for general words, and a formula for the complexity 
is established for the Sturmian words and the Thue-Morse word. 
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1 Introduction 

Permutation complexity of aperiodic words is a relatively new notion of word complexity which is based on 
the idea of an infinite permutation associated to an aperiodic word. For an infinite aperiodic word w, no two 
shifts of uj are identical. Thus, given a linear order on the symbols used to compose w, no two shifts of uj 
are equal lexicographically. The infinite permutation associated with w is the linear order on N induced by 
the lexicographic order of the shifts of lu. The permutation complexity of the word w will be the number of 
distinct subpermutations of a given length of the infinite permutation associated with uj. 

Infinite permutations associated with infinite aperiodic words over a binary alphabet act fairly well- 
behaved, but many of the arguments used for binary words break down when used with words over more than 
two symbols. Given a subpermutation of length n of an infinite permutation associated with a binary word, 
a portion of length n — 1 of the word can be recovered from the subpermutation. This is not always the case 
for subpermutations associated with words over 3 or more symbols. For binary words the subpermutations 
depend on the order on the symbols used to compose but the permutation complexity does not depend 
on the order. For words over 3 or more symbols, not only do the subpermutations depend on the order on 
the alphabet but so does the permutation complexity. 

We start with some basic notation and definitions. Some properties of infinite permutations are given in 
Section [21 In Section [3] we introduce a mapping, 6, on the set of subpermutations of an uniformly recurrent 
word, and an upper bound for the complexity function is calculated for the image of an aperiodic uniformly 
recurrent word under the letter doubling map. We then show that when the mapping S is injective it implies 
that restricting an image of 6 is also injective in Section SI The complexity function is established for the 
image of a Sturmian word in Section [51 and for the image of the Thue-Morse word in Section [HI 



1.1 Words 

A word is a finite, (right) infinite, or bi-infinite sequence of symbols taken from a finite non-empty set. A, 
called an alphabet. The standard operation on words is concatenation, and is represented by juxtaposition 
of letters and words. A finite word over ^ is a word of the form u = aia2 ■ . - On with n > (if n = we say 
u is the empty word., denoted e) and each G A; the length of the word u is the number of symbols in the 
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sequence and is denoted by |u| = n. For a E A, let denote the number of occurrences of the letter a 
in the word u. The set of all finite words over the alphabet A is denoted by A*, and is a free monoid with 
concatenation of words as the operation. 

A (right) infinite word over ^ is a word of the form uj — ujqujilj2 ■ ■ ■ with each uji G A, and the set of all 
infinite words over A is denoted A^ . Given uj G A* U A^ , any word of the form u = LOiuii+i . . . a;i+„_i, with 
i > 0, is called a factor of uj of length n>\. The set of all factors of a word w is denoted by J-{uj). The set 
of all factors of length n of a; is denoted J-^{n)^ and let Pi^{n) — \ J-i^{n)\. The function : N N is called 
the factor complexity function, or subword complexity function, of io and it counts the number of factors of 
length n of uj. For a natural number i we denote by uj[i] = ujiUJi^iUJi-f-2i^i+3 ■ ■ ■ the i-letter shift of uj. For 
natural numbers i < j, uj[i,j] = uJiUJi^iUJi^2 ■ ■ - ^j denotes the factor of length j — i + 1 starting at position 
i in UJ. 

For words u G A* and w G A* U where uj — uv, we call u a prefix of uj and v a suffix of w. A word 
UJ is said to be periodic of period p if for each i g N, uJi — w^+p, and uj is said to be eventually periodic of 
period p if there exists an TV G N so that for each i > N , uJt = w^+p; or equivalently, uj has a periodic suffix. 
A word UJ is said to be aperiodic if it is not periodic or eventually periodic. 

The infinite word uj e A^ is said to be recurrent if for any prefix p of w there exists a prefix 5 of w so 
that q = pvp for some v G A* . Equivalently, a word uj is recurrent if each factor of uj occurs infinitely often 
in UJ. The word uj G -4^ is uniformly recurrent if each factor occurs infinitely often with bounded gaps. Thus 
if UJ is uniformly recurrent, for each integer n > there is a positive integer N so that for each factor v of uj 
with \v\ = N, T^{n) C T{v). 

Let A and B be two finite alphabets. A map (p : A* ^ B* so that (p{uv) — ip{u)(p{v) for any u,v G A* 
is called a morphism of A* into B* , and ip is defined by the image of each letter in A. A morphism on A is 
a morphism from A* into A* , also called an endomorphism of A. A morphism if is said to be non- erasing if 
the image of any non-empty word is not empty. The morphism d : A* 1— > A* defined by d{a) = aa for each 
a G ^ is called the letter doubling map. 

1.2 Permutations from words 

The idea of an infinite permutation that will be here used was introduced in (6j. This paper will be dealing 
with permutation complexity of infinite words so the set used in the following definition will be N rather 
than an arbitrary countable set. To define an infinite permutation n, start with a total order -<7r on N, 
together with the usual order < on N. To be more specific, an infinite permutation is the ordered triple 
TT = (N, ^TT, <), where and < are total orders on N. The notation to be used here will be 7r(i) < 7r(j) 
rather than i j. 

Given an infinite aperiodic word uj = ujqujiuj2 ... on an alphabet A, fix a linear order on A. We will 
use the binary alphabet A ^ {0, 1} and use the natural ordering < 1. Once a linear order is set on the 
alphabet, we can then define an order on the natural numbers based on the lexicographic order of shifts of 
UJ. Considering two shifts of uj with a ^ b, uj[a] = ujaUJa+iUJa+2 ■ ■ ■ and uj[b] — ujbUJb+iUJh^2 ■ ■ we know that 
uj[a] =/= uj[b] since uj is aperiodic. Thus there exists some minimal number c > so that uja+c 7^ i-^b+c and for 
each < i < c we have uJa+i — ujb+i- We call 'Kuj the infinite permutation associated with uj and say that 
T^uj{a) < T^Lj{b) if uja+c < ^b+c, else we say that 7r(^(&) < TTu:{a). 

For natural numbers a < b consider the factor uj[a, b] — ujaUJa+i . . . Wf, of w of length b — a + 1. Denote 
the finite permutation of {1, 2, — a + 1} corresponding to the linear order by iTuj[a, b]. That is ni^[a, b] is 
the permutation of {l,2,...,fe — a + 1} so that for each < i, j < {b — a), iTi^la, b]{i) < iVi^la, b]{j) if and only 
if ni^{a + i) < 71^^(0 + j). Say that p = popi ■■■ Pn is a (finite) subpermutation of vr^j if p = TTi^[a, a + n] for 
some a,n > 0. For the subpermutation p = -Ki^la, a + n] of {1, 2, • • ■ , n + 1}, we say the length of p is n + 1. 

Denote the set of all subpermutations of tt^ by Perm'^ , and for each positive integer n let 

Perm'^(n) ~ { T:uj[i,i + n — 1] | i > } 

denote the set of distinct finite subpermutations of tt^^ of length n. The permutation complexity function ofuj 
is defined as the total number of distinct subpermutations of vr^ of a length n, denoted T^{n) — |Perm'^(n)|. 
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Example Let's consider the well-known Fibonacci word, 

t = 0100101001001010010100100101 . . ., 

with the alphabet A — {0, 1} ordered as < 1. We can see that t[2\ = 001010 ... is lexicographically less 
than t[l] = 100101 . . ., and thus 7rt(2) < 7rt(l). 

Then for a subpermutation, consider the factor i[3,5] = 010. We see that 7rt[3,5] = (231) because in 
lexicographic order we have 7rt(5) < 7rt(3) < 7rt(4). 

2 Some General Permutation Properties 

Initially work has been done with infinite binary words (see [H [SI [HI HOI lllj). Suppose lo — woWiW2 ... is an 
aperiodic infinite word over the alphabet A — {0, 1}. First let's look at some remarks about permutations 
generated by binary words where we use the natural order on A. 

Claim 2.1 ([^) For an infinite aperiodic word uj over A = {0, 1} with the natural ordering we have: 

(1) TTi^(i) < Tr^(i + I) if and only ifuji = 0. 

(2) TTi^(i) > TTuj{i + 1) */ and only if uji = 1. 

(3) If uji = ujj, then ■K^{i) < ■K^[j) if and only if Trui{i + 1) < 7r„(i + 1) 

Lemma 2.2 ([S]) Given two infinite binary words u = UgUi .. . and v = VgVi ... with TTu[0,n+l] = TTy[0,n + 
1], it foUow.s that u[0,n\ — v[0,n\. 

We do have a trivial upper bound for T^{n) being the number of permutations of length n, which is n\. 
Lemma 12.21 directly implies a lower bound for the permutation complexity for a binary aperiodic word a;, 
namely the factor complexity of uj. Thus, initial bounds on the permutation complexity can be seen to be: 

p^{n - 1) < T^(n) < nl 

For a £ A = {0, 1}, let a denote the complement of a, that is = 1 and 1 = 0. If u = U1U2U3 ■ ■ ■ is a 
word over A, the complement of u is defined to be the word composed of the complement of the letters in u, 
that is M = U1U2U3 ■ ■ ■ . The following lemma shows the relationship of the complexity function between an 
aperiodic binary word uj and its complement uJ. This lemma will be used when calculating the permutation 
complexity of the image of Sturmian words under the doubling map in Section [S] 

Lemma 2.3 Let uj ~ ujqujiuj2 ■ ■ ■ be an infinite aperiodic binary word, and let uj = ujqujiU}2 ■ ■ • be the com- 
plement of UJ. For each n>\, 

Tu{n) = T-{n). 

Proof For some a ^ b, suppose uj[a] < uj[b]. Thus there is some (possibly empty) factor u of cj so that 
a; [a] = uO ■ ■ ■ and uj[b] = ul ■ ■ ■ . Then we see uj[a\ = ul ■ ■ ■ and uj[b] — uO ■ ■ ■ , so we have uj[a] > uj[b]. 

For both uj and ZJ it should be clear Tu:{1) = tzj{1) — 1, namely the subpermutation (1). Let n > 2. For 
a permutation pof{l,2,...,n}, define the permutation p of {1, 2, . . . , n} by 

p.,=n- p., + 1 

for each i. 

Let p — n^la, a + n — V\ be a subpermutation of and q = iTula, a + n — 1] be a subpermutation of ttjj. 
For each < i, j < n — 1, i 7^ j, if pi < pj then qi > qj. 

Let < i < n — 1. There are pi — 1 many j so that pj < pi and there are n — pi many j so that pj > pi. 
Therefore there are exactly n — pi many j so that qj < qi, so qi — n — pi + 1. Thus q ^ p and for any 
p £ Perm"(n) we have p G Perm'^(n), so 

|Perm"(n)| < |Pcrm"(n)| . 
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By a similar argument we can see p = q and for q G Perm"(n) we have q G Perm"(n), so 

I Perm" (n) I < |Perm'^(n)| . 

Therefore |Perm'^'(n)| = |Porm"(n)| and T^{n) = r— (n). I 

We would like to define some terms that will be used repeatedly in this paper. 

Definition Two permutations p and q of {1, 2, . . . , n} have the same form if for each « = 0, 1, . . . , n — 1, 
Pi < Pi+i if and only if qi < qi+i- For a binary word u of length n — 1, say that p has form u if 

Pi < Pi+i ■^=> Ui = 

for each i = 0, 1, . . . , n — 2. 

Definition Let p = 7r[a, a + n] be a subpermutation of the infinite permutation tt. The left restriction of 

p, denoted by L{p). is the subpermutation of p so that L{p) = iT[a,a + n — 1]. The right restriction of p, 
denoted by R{p), is the subpermutation of p so that R{p) = Tr[a + l,a + n]. The middle restriction of p, 
denoted by M{p), is the subpermutation of p so that M{p) = R{L{p)) = L{R{p)) = 7r[a + 1, a + n — 1]. 

For each i, there are pt — 1 terms in p that are less than pi and there are n — pt terms that are greater 
than Pi. Thus consider some < i < n — 1 and the values of L{p)i and R{p)i. If po < Pi+i there will be 
Pi+i — 2 terms in less than R{p)i so we have R{p)i = Pi+i — 1. In a similar sense, if p„ < pi we have 
L{jp)i = Pi — 1. If po > Pi+i there will be Pi+i — 1 terms in R{p) less than R{p)i so we have R{p)i = Pi+i- 
In a similar sense, if p„ > Pi we have L{p)i = pi. 

The values in M{p) can be found by finding the values in R{L{p)) or L{R{p)). Since R{L{p)) or L{R{p)) 
correspond to the same subpermutation of p, R{L[p))i < R{L{p))j if and only if L{R{p))i < L{R{p))j. 
Therefore R{L{p)) = L{R{p)). 

It should also be clear that if there are two subpermutations p = 7rT[a, a + n] and q = ■KT\b,i> + n\ so that 
p = q then L{p) = L{q), R{p) = R{q), and M{p) = M{q). 

3 Uniformly Recurrent Words 

Let w be an aperiodic infinite uniformly recurrent word over A = {0, 1}, and 7r„ be the infinite permutation 
associated with w using the natural order on the alphabet. We would like to describe the infinite permutation 
associated with d{u!), the image of oj under the doubling map. If w = a;[a, a + n — 1] is a factor of u! of length 
n, it is helpful to note d{u) = d{(jj)[2a, 2a + 2n— 1] will be a factor of d{uj) of length 2n. 

Since u; is a uniformly recurrent word it will not contain arbitrarily long strings of contiguous or 1. 
Thus there are ko,ki G N so that 
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are factors of ut, but 0'^°+^ and I'^i+i are not. We then define the fohowmg classes of words: 

Co = O*-'" 

Cko-i = 01 
Ck„ = 10 
Cko+1 - I'O 

Cko + ki-1 = l'''- 

For each i G N, a;[i] = WiCJi+i • • • can have exactly one the above classes of words as a prefix. It should 
be clear Cq < Ci < ■ ■ ■ < Ckg+ki-i, and so d{Ci) < d{Cj) for i < j since the doubling map d is order 
preserving, as shown in Lemma 13.11 The next lemma will not only show that the doubling map is an order 
preserving map, but also the order of the image of under the doubling map. 

Lemma 3.1 Let lo be as above. Suppose uj[a\ and ijj[b] are two shifts of uj for some a ^ b so that uj[a\ < Lj[b]. 
Moreover, suppose Ci is a prefix of uj[a\ and Cj is a prefix o/a;[6] where i < j. Then d(uj[a\) < d{uj[b]), and 

(a) Ifoja =ojb = and i < j, then d(a;)[2a] < d{oj)[2a + 1] < d{oj)[2b] < d{oj)[2b + 1]. 

(b) //wa = cjfc = and i = j, then d{uj)[2a\ < d{uj)[2b] < d(w)[2a + 1] < d{uj)[2b + 1]. 

(c) lfuja = and cjf, = 1, then d{uj)[2a] < d{uj)[2a + 1] < d{uj)[2b + 1] < d{uj)[2b]. 

(d) Ifoja =0Jb = land i < j, then d{u)[2a + 1] < d{uj)[2a] < d{u)[2b + 1] < d{uj)[2b]. 

(e) Ifoja =0Jb = iand i = j, then d(w)[2a + 1] < d{uj)[2b + 1] < d{uj)[2a] < d{uj)[2b]. 
Proof Since uj[a] < iLi[b], there is some (possibly empty) factor u of w so that 

LL)[a\ — uO ■ ■ ■ 
U![b] ~ ul ■ ■ ■ 

and thus 

d{Lo[a]) = d(7i)00- • ■ 

d{Lj[b]) = d{u)ll ■ ■ ■ 

so d(a;[a]) < (i(a;[6]) and d is an order preserving map. 
Each of the cases will be looked at independently. 

(a) Suppose cua = ujb = and i < j. Since both uj[a] and uj[b] start with 0, uj[a] has O'^'^^^l as a prefix 
and uj[b] has 0'">~n as a prefix. Thus d(a;)[2a] has O'^(''o-i)i as a prefix and d{uj)[2b] has 02('=o-i)i as a prefix, 
and 

Q2(feo-i)2 ^ Q2(feo— O-lj^ <; Q2(feo-j)j^ ^ Q2(feo-i)-lj^ 
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(b) Suppose Wa = Wfe = and i = j. Since both uj[a\ and uj[b] start with 0, for n — ko — i, uj[a\ and uj[b] 
have 0"1 as a prefix. Thus d{ijj)[2a] and d{uj)[2b] have 0^"1 as a prefix. Since uj[a] < uj[b] is given and d is 
an order preserving map we have 

d{Lu)[2a] < d{Lu)[2b] 
d{u)[2a + l] < d{uj)[2b + l] 

o^"i < o^"~H. 

Thus d{uj)[2a] < d{uj)[2b] < d{uj)[2a + 1] < d(w)[26+ 1]. 

(c) Suppose uia — and uji, — 1, so i < j . Since CLi[a] start with and uj[b] start with 1, there are numbers 
n and m so that aj[a] has 0"1 as a prefix and has 1™0 as a prefix. Thus (i(tj)[2a] has 0^"1 as a prefix 
and d{uj)[2b] has 1^™0 as a prefix, and 

0^"! < 02"-il < i2™-io < i2'"o. 

(d) Suppose Wa = = 1 and i < j. Since both a;[a] and uj[b] start with 1, cj[a] has V-^o+'^Q as a prefix 
and uj[b] has p-'=o+iO as a prefix. Thus d(a;)[2a] has l2(^-fco)+2o as a prefix and d{uj)[2b] has l2(i-feo)+2o as 
a prefix, and 

(e) Suppose Ua = uib = 1 and i = j. Since both io[a\ and uj[b] start with 1, for n = « — fco + 1, w[a] and 
uj[b] have 1"0 as a prefix. Thus (i(cij)[2a] and d{uj)[2b] have l2"0 as a prefix. Since uj[a] < ui[b] is given and d 
is an order preserving map we have 

d{Lu)[2a] < d{uj)[2b] 
d{uj)[2a + l] < d{uj)[2b + l] 

Thus d{uj)[2a + 1] < d{uj)[2b + 1] < d{uj)[2a] < d{uj)[2b]. I 

For k — sup{fco,fci}, there is an Nk so any factor u of a; of length n > Nk will contain all factors of 
length fc as a subword, and so u will have Cj as a subword for each j. One note about the factors of d(a;). 
For n > Nk and two factors u = d{uj)[2x, 2x + 2n] and v = d(w)[2y + 1, 2y + 2n + 1] of d{uj). then u ^ v. 
This is because a prefix of u will begin with an even number of one letter (either 02™1 or l2'"0 for some to), 
and a prefix of v will begin with an odd number of one letter (either o2™+^l or l2m+io for some to). 

Let u be a factor of lo of length n > Nk- There is an a so that u — uj[a, a + n — 1]. For each < i < n — 1 
there is one j so that a;[a + i] has Cj as a prefix. In the factor uj[a,a + n + k — 2] of length n + fc — 1, we will 
know explicitly which Cj is a prefix of the shift a;[a + z] for each < i < n — 1. Let p ^ TTt^[a, a + n + k — 1] 
be a subpermutation of tt^ of length n + k. The factor w[a, a + n + fc* — 2] of length n + fc — 1 is the form of 
p, and has u as a prefix. 

For each j G {0, 1, . . . , fco + fci — 1} define 

7j = { < « < n — 1 I Cj is a prefix of w [a + «] } . 

So |7o| + |7i| + • • • + |7fco+fci_i| = n and 7^ n 7^ = for i ^ j. Since |u| < Nk, we know \jj\ > 1 for each 
j. We can see d{u) = d(w)[2a, 2a + 2rt — 1], and let p' be the subpermutation p' — Tr^(i^)[2a, 2a + 2n — 1]. 
Using Lemma 13.11 and the size of each of the 7^ sets we can determine the values of p' based on the values 
of L*'{p), the fc-left restriction of p. For each j e {0, 1, . . . , fco + fci — 1} define 

i=0 
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and say S-i = 0. 

Proposition 3.2 Let lo, u, p, and p' he as above. For each < i < n — 1, there is a j so uj[a + i] has Cj as 
a prefix. 

(a) If Pi < pi+i then p'^^ = L'^{p)i + Sj^i and p'^^^^ = L''{p)i + S.j 

(b) If Pi > pi+i then p'^^ = L^{p)i + Sj and p'^^^^-^ = L^{p)i + Sj-i 

Proof Let < i < n — 1 and suppose that Cj is a prefix oi uj[a + i] for some < j < fco + fci — 1. 

(a) Suppose pi < Pi+i, and so uJa+i = Uj = 0. 

For P2i, tliere are L^{p)i — 1 many h so tliat pi > ph, and tlrus L^{p)i — 1 many h so tliat p^i > p^h- 
Likewise there are n — L''{p)i many h so that < P2h- Lemma |3. II if m < j and h e 7™ then P2i > p'2h+ii 
and if m > J and h e 7^ then < P2h+i- Thus there are 5^-1 many h so tliat > ^^"^ likewise 

there are n — Sj-i many h so that < -P2/i+i- Therefore there are exactly L^{p)i — 1 + Sj-i many h so 
that p'2i > p'f^, and 

p'2, = L\p), - 1 + Sj-i + 1 = L'^ip), + S,-i. 

For P2i+ii since there are L^{p)i — 1 many h so that pi > ph, there are L^{p)i — 1 many h so that 
p'2i > ^^'^ v'li+i > v'2h^\- Likewise there are n — L''{p)i many h so that P2i+i < P2h+i- Lemma [XT] if 
m < j and h G 7m then P2i+i -P2/1' ^'^'^ if to > j and /i £ 7™ then P2i+i ^ -P2h- Thus there are Sj many h 
so that P2i^i > P2h-: ^iid likewise there are n — Sj many h so that P2j+i P'2h- Therefore there are exactly 
L'^{p)i — ^ + Sj many h so that > 

pWi = LHph - 1 + 5, + 1 = + Sj. 



(b) Suppose Pi > Pi+i, and so Wq+j = Mi = 1. 

For p'2i, there are L^{p)i — 1 many /i so that pi > p/j, and thus L^{p)i ~ 1 many h so that > v'2h- 
Likewise there are n~L^(p)i many h so that p^i < P2h- -By Lemma l3. II if m < j and G 7,„ then > P2/1+11 
and if TO > j and h G 7^ then P2i < P2/i+i- Thus there are Sj many h so that pi^i > p'2h+ii ^'^'^ likewise 
there are n — Sj many h so that P2i < Pjj/j+i- Therefore there are exactly L''{p)i — 1 + Sj many h so that 
P'2^ >P'h' and 

p'2, = L\p), -1 + S, + 1 = L\p), + 5,. 

For P2j+i J since there are L^{p)i — 1 many /i so that pi > Ph, there are L''{p)i — 1 many h so that P2i > P2h 
and P2j_|.i > P2/1+1- Likewise there are n — L^{p)i many h so that p'2i+i < ^2/1+1- Lemma |3. II if m < j 
and /i G 7m then P2j+i P2/1' and if to > j and h G 7™ then P2j+i < P2/1- Thus there are Sj-i many h so 
that P2j+i P2/1' and likewise there are n — Sj^i many h so that J32i+i P2h- Therefore there are exactly 
L'^(p)i — 1 + Sj-i many h so that P2j+i P'h' and 

P2^+l = L'iph - 1 + + 1 = L'ip), + Sj-i. 



The following corollaries show some nice properties that follow from Proposition [221 The first corollary 
(|3.3p gives an example of when distinct subpermutations of 7r„ will lead to the same subpermutation of 
'^d{u)- The next corollary (j3.4[) shows when two subpermutations of tt^j will definitely lead to distinct 
subpermutations of T:d(ui)- 

Corollary 3.3 Let uj be as defined above. If ■K^^[a^a + n -\- k — 1] and 7r(j[6, 6 + n + fc — 1], a ^ b, are 
subpermutations of tt^^ where 7rt^[a, a + n — 1] = t^u[^, + n — 1] and for each < i < n — 1, there is some j 
so that both u)[a + i] and uj[b + i] have Cj as a prefix. Then TTfi(^i^-^[2a,2a + 2n — I] — TTii(^^^^[2b,2b + 2n — 1]. 
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Proof Let p — TTi^[a, a + n + k — I] and q = TTi^[b,b + n + k — I], a ^ b, with p and q as in the hypothesis. 
For each < « < n — 1, L^{p)i = L''{q)i and each of uj[a + i] and uj[b + i] have the same Cj as a prefix for 
some J, so pj,; = l'2i ^^"^ P2i+i — 92i+i tiy Proposition 13 . 2 1 so p' = q' . I 

Corollary 3.4 Let uj be as defined above. If p — TTi^[a,a + n + k — 1] and q — TTi^[a,a + n + k — 1] are 
subpermutations of tTi^ where one of the following conditions is true 

(a) uj[a, a + n — I] ^ uj[b, b + n — 1] 

(b) L\p) ^ L\q) 
then p' ^ q' ■ 

Proof (a) Since aj[a, a + n — 1] 7^ Lo\b, 6 + n — 1], then there is an < i < n — 1 so that, without loss of 
generahty, L^a+i = and = 1. Thus d(w)[2a + 2j, 2a + 2j + 1] = 00 and d{uj)[2b + 2i, 26 + 2j + 1] = 11 
so < -P2J+1 and q'^i > q'2,+1, and p' ^ q'. 

(b) Since L'^{p) 7^ L'^{q), then there are < i,j < n — 1, i ^ j, so that, without loss of generality, 
L''{p)i < L^{p)j and L^{q)i > L^{q)jj so uj[a + i] < uj[a + j] and uj\b + i]> uj\b + j]. Thus cf(a;)[2a + 2i] < 
d{uj)[2a + 2j] and d{u})[2b + 2i] > d{uj)[2b + 2j] so < p'2] and > 92i: and p' ^ q' ■ I 

Fix a subpermutation p = tt^j [a, a + n + — 1] , and let p' = vrrf(t^) [2a, 2a + 2ri — 1] . The terms of p' can be 
defined using the method given in Proposition 13.21 Let q — TTuj[b,b + n + k — 1], b ^ a, be a subpermutation 
of TTu, and let q' = 7rd((^) [26, 26 + 27T. — 1] as in Proposition 13.21 The following lemma shows that if p = g we 
know p' — q' , but the converse of this is not necessarily true. The objective here is using the idea of p' to 
define a map from the set of subpermutations of tt^ to the set of subpermutations of T:d(uj)^ and this map 
will be well-defined by Proposition 13.21 

Lemma 3.5 If p = q, then p' = q' . 

Proof Suppose that p = q. So pi = qi and thus L''{p)i = L^{q)i for each < i < n — 1. Since p = q, p and 
q have the same form, so w[a, a + rt + fc — 1] = a;[6, 6 + n + A; — 1] and if CLi[a + i] has Cj as a prefix, for some 
j, then a;[6 + i] has Cj as a prefix as well. Thus by Corollary [231 v' — o! ■ ' 

Thus there is a well-defined function from the set of subpermutations of to the set of subpermutations 
of 7rrf(tj). Let p = 7rtj[a, a -|- n -f fc — 1], and define (5(p) = p' — 7rj;((j)[2a, 2a + 2n — 1] using the formula in 
Proposition 13.21 Thus we have the map 

,5 : Perm"(n + k) ^ Perm''('^^(2n) 

Not all subpermutations of Tr^^ will be the image under 5 of another subpermutation. 

Let n > 2Nk and a be natural numbers. Then n and a can be either even or odd, and for the subper- 
mutation 7rj;((^)[a, a -\- n — 1], there exist natural numbers 6 and m so that one of 4 cases hold: 

1. 'Kd(La)['^i a + n] = 7r£;(^^-) [26, 26 + 2m], even starting position with odd length. 

2. 'Kd(uj)[0'i a + n] = 7r£((„)[26, 26 2m — 1], even starting position with even length. 

3. 'Kd(ui)[0'i a + n] = TTd(uj) [2b + 1, 26 + 2m], odd starting position with even length. 

4. TTd{uj) [a,a + n] = TTd(u) [2b + 1,26+ 2m — 1] , odd starting position with odd length. 

Consider two subpermutations ■nd{u,)[2c,2c + n] and 'nd{i^)[2d + \,2d + n + 1], with n > 2Nk- The 
subpermutation 'Kd{ui) [2c, 2c -I- n] will have form d{uj) [2c, 2c -f n — 1] , and 'Kd{uj) [2d -I- 1, 2d -I- n -|- 1] will have 
form d{uj)[2d + 1, 2d -|- n]. Since the length of these factors is at least 2Nk, we know d(ti;)[2c, 2c + n — 1] ^ 
d(w)[2d -I- 1 , 2d -I- n] , and thus 7r£;(^)[2c, 2c -|- n] 7^ 7r£;(^)[2d + 1, 2d + n + 1] because they do not have the 
same form. Thus we can break up the set Perm'^^'^-' (n) into two classes of subpermutations, namely the 
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subpermutations that start at an even position or an odd position. So say that Pernig^"-' (n) is the set of 
subpermutations p of length n so that p = TTd^^^^Ib, 2b + n — 1] for some b, and that Perm^^"^^ (n) is the set 
of subpermutations p of length n so that p = Trd{uj) [2b + 1,2b + n] for some b. Thus 

Perm''(")(n) = Permf('^)(n) U Perm^^"^) (n) , 



where 



Permf("'(n) nPermf^'^V) = f. 



Thus for n > Nk, Permf^"^' (2n) is the set of all subpermutations of length 2n starting at an even 
position. So for 7r£j(^) [2a, 2a + 2n—l], we have the subpermutation p = Tr^jla, a + n + k — 1], and 6{p) = p' = 
Trd(uj) [2a, 2a + 2n— 1] . Thus the map 



6 : Perm'^(n + k) ^ Perm;f<,'^)(2n) 



is a surjective map. 

For p = 'Kd(^u)[a, a + n + k ■ 
and middle restrictions of S{p) 



1], we can then define three additional maps by looking at the left, right, 
= p'. These maps are 



Sl : Perm"(n + fc) Permf^")(2n - 1) 
Sr : Perm"(n + k) PerniM (2n - 1) 



5m : Perm"(n + k) Peini^y^' (2n - 2) 



and are defined by 

Sl{p) ^ mp)) ^ L{p') 
6r{p) = R{S{p)) = R{p') 
Sm{p) = M{5{p)) = M{p') 

It can be readily verified that these three maps are surjective. To see an example of this, consider the map Sl, 
and let 7rd(a;) [26, 26 + 2n — 2] be a subpermutation of n^^^-^ in Perm^^"^ (2n — 1). Then for the subpermutation 
p = ni^[b,b + n + k — 1], Sl{p) = L{p') = TTfKu) [26, 26 + 2n — 2] so 6l is surjective. A similar argument will 
show that Sr and Sm are also surjective. 



Lemma 3.6 For n> Nk: 



Proof Let n> Nk- We have: 



rd(„)(2n-l)<2(T<.(n + fc)) 

7"d(w)(2n) < Tu{n + k) + Tu{n + k + l) 



Perm;f(")(2n - 1) < |Perm'^(n + k)[ 
Perm^id^(2n - 1) < |Perm"(n + k)[ 



Perm^(") (2n) < |Perm" {n + k)[ 
Perm^^"^^ (2n) < | Perm" (n + fc + 1 ) | 
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since the maps S, Sl, S^, and Sm are all surjective. Thus we have the following inequalities: 



Td(u;)(2n - 1) = Perm'*^"^ (2n - 1) = Perm;?^") (2n - 1) + PeTm'^JfJ{2n - 1) 
< |Perm"(n + fc)| + |Perm'^(n + fc)| = 2(t^(?i + fc)) 



Td(^)(2n) = |Perm'^(")(2n)| = | Perm^f ) (2n) | + | Perml^^^^ (2n) 

< |Perm"(n + fc)| + |Perni'^(n + k + 1)\ ^ T^{n + k) + T^{n + k + 1) 



The maps S, Sl, Sji, and 5m can be, but are not necessarily, injective maps. To see this, consider 
the following example. For this example we will use the Thue- Morse word T, defined in Section [SJ and 
subpermutations of ttt, the infinite permutation associated with T. There will be 4 classes of Cj words for 
the Thue-Morse word (namely Co = 00, Ci = 01, C2 = 10, and C3 — 11), and any factor of length n > 9 will 
contain each of these 4 classes. The following example will use subpermutations of length 9, with n ~ 7 and 
A; = 2, to keep the example subpermutations short. Examples like this (as in Corollarv l3.3p can be found for 
subpermutations of ttt of length 2'' + 1 for any r > 3. 

Let p = ttt[0, 8] = (4 9 7 2 6 1 3 8 5) and 9 = 7rT[12, 20] = (5 9 7 2 6 1 3 8 4). So p 7^ g and both of these 
subpermutations have form T[0, 7] = ^[12, 19] = 01101001. Then applying the map 6 we see: 



P 



S{p) = (5 8 14 13 12 10 3 6 11 9 1 2 4 7) = dig) = q' 



So p' = g' which implies Sl^p) = <5L(g), 6r{p) (5fl(g), and 5a/ (p) = ^Miq)- 
injective in general and the values in Lemma 13.61 are only an upper bound. 



Thus these 4 maps are not 



4 Injective Restriction Mappings 

In this section we will investigate when the restriction mappings are injective. If 6 is not injective, then Sr, 
6l, and 6m will not be injective. But when 6 is injective it implies Sr and 6l are injective in general, as 
shown by Proposition 14.41 Unfortunately, this does not imply that the map 5m is injective, as can be seen 
in Lemma [6. 71 

Lemma 4.1 For the word lo, let p — Tri^[a, a + n + k — 1], g = 7r^[fe, 6 + n + fc — 1], p', and q' be as above. 
Suppose L^{p) — L^{q), but uj[a + n — 1] and u)\b + n ~ 1] each have a different Cj class as a prefix and 
Lj[a + n ~ 1] < a;[6 + n — 1] . Then there is a j so that uj[a + n — 1] has Cj as a prefix and uj[b + n — 1] has 
Cj+i as a prefix. Moreover, |p2„-2 - 92«-2| > 1 |p2«-i - qL-i] > 1- 

Proof Let u — uj[a,a + n — 1] and v — uj[b,b + n — 1]. Since L^{p) = L'^iq) we know for each < i < n — 2 
L'^{p)i < L'^{p)i+i if and only if L^{q)i < L^{q)i+i, so Ui = Vi and thus u[0, n — 2]= t)[0, n — 2]. 
We will use the following notation 

U j = {Q < i < n — \ \ ijo[a + i] has Cj as a prefix. } 

Vj = {Q < i < n — 1 \ uj[h + i] has Cj as a prefix. } 

and due to the length of u and v we know \Uj \ > 1 and |Vj] > 1 for each j. 

First we will show there is a j so that uj[a + n— 1] has Cj as a prefix and uj[b + n— 1] has Cj+i as a prefix. 
Assume there is an j > 1 so that uj[a + n — 1] has Cj as a prefix and io[b + n ~ 1] has Cj+i as a prefix. Then 
there is an I so that w[a + I] and u![b + I] each have Cj+i as a prefix. Thus we see that L^{p)i > L^{p)n-i 
and L^{q)i < L^{q)n-i, which implies L''{p) 7^ L^{q)- Thus we find a contradiction to the assumption, so 
there is some j so that Lo[a + n — 1] has Cj as a prefix and Lj\b + n — 1] has Cj+i as a prefix. 
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We now show that the difference in the values in p' and q' differs by at least 1. Since a;[a + n — 1] has 
Cj as a prefix for each / G Uj+i we know pn-i < pi, and so g„_i < qi since L^{p) = L^{q). Likewise, since 
Lj\h + n — 1] has Cj+i as a prefix, for each / G Vj we know qn-i > qi and so pn-i > pi- Thus pn-i is the 
greatest of all occurrences of Cj and is the least of all occurrences of Cj+i. So L^{p)n-i = L^{q)n^i 
and we see 

= |t/o|+--- + |C/,| 

i^g)™-! = |yol + --- + |v:,l + i. 

We will now consider the cases when it„-_i ^ Vn~i and when u„_i = Wn-i- 

(a) First, suppose 7^ Un-i- Thus we have that = and = 1, because io[a+n—l] < Lo[b+n—l] 
is given. 

Recall that \u\q is the number of occurrences of the letter in the word u. Thus |u|q = |u|q + 1, and 
we also have P2n-2 < P-in-i ^^'^ l2n-2 > l2n-i- Thus there are exactly \v\q many j so that g„_i > qj, thus 
L^{p)n-i — L^{(l)n-i = + 1 = \u\^. By Proposition 13 . 21 we see 

P2„-i = L^{p)n-i + |m|o = 2 = 2 + 2 

92„-l=-^''('Z)n-l + |w|o=2|«lo + l 

and thus jpan-i - l'2n-i \ > 1- 

Fix an < i < n — 3 so that u[i, i + 1] = i + 1] =01 and anO<i<n — 3so that u[i, i + 1] = 
v[i, i + 1] = 10. Because Lj[a + i] and uj[a + n — 1] both have 01 as a prefix and Pn^i > Pi, and uj[b + i] and 
w[& + n — 1] both have 10 as a prefix and qn-\ < qt, we have 

P2n-2 < P2»+l < P2n-1 = 2 |v|o + 2, (?2n-2 > <l2l+l > iL-l = 2 |w|o + 1 

and thus 

P2n-2 < 2 + 1 = 2 + 2 - 1< <7i„_2 - 1- 

Therefore |p2n-2 ~ 92n-2| — 2 which satisfies the lemma. The fact that this difference is at least 2 will be 
used again in Claim 14.31 

(b) Now suppose u = v, so there is an a G {0, 1} so that — Vn-i = a. 

Now we investigate how the size of the Ui sets are related to the size of the Vi sets. Since u = v, and 
these words have a as a suffix, there is some m > 1 so that /Sa™, where /3 = a, is a suffix of both u and v. 
Thus for each 0<h<n — m — 1, there is some i so uj[a + h] and a;[5 + /i] have Ci as a prefix, so h Ui and 
h IE Vi- Moreover, this prefix is totally contained within u and v, respectively, because oj[a + n — m — 1] and 
uj[b + n — m — 1] begin with the class /3a. 

The proofs for when a = or a = 1 are slightly different. We now consider the case when a = 0, and 
will then give justification why the other case is also true. Because n — 1 E Uj and n — 1 G V^+i and a = 0, 
the organization of the Ui and Vi sets is as follows 

n - m e Uj-m+i, n- m+1 e C/j-m+2, ■ ■ • , n - 2 G Uj-i, n - 1 e Uj 
n - m e Vj-rn+2, n-m+1 eVj-rn+3, n-2GV,, n-lGV,+i. 

For example, if m = 1 we have n — 1 E Uj and n — 1 G V^+i, so 

\Uj\^m + i ic/,+ii = ivs-+ii-i 

and \Ui\ = \Vi\ for all other i. Since \Vj\ > 1 we see \Uj\ > 2. 
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If TO = 2 we have rt — 2 G J7j-i, n — 2 E Vj , n — 1 E Uj , and rt — 1 G V^+i, so 

= + i \u,\ = \v,\ |[/,+ii = ii/,+i|-i 

and = \Vi\ for all other i. 
Thus for a general to > 1, 

|c/j-™+i| - |v,--„,+i| + 1 |c/,+i| = - 1 

and \Ui\ = l^/il for all other i. Since |l^_m+i| > 1 we see |t/j_m+i| ^ 2. Each occurrence of Cj-m+i which 
is contained in u will have Cj as a suffix, and since n — 1 G Uj we have \Uj\ ^ lUj—ni^i I > 2. Thus by 
Proposition 13.21 

P2n-2=i'(p)n-l + |t^0| + ---+ 1^7,-1 1 

92„-2 - i'(g)n-i + ll^ol + • • ■ + \V,-l\ + \V,\ = L'=(p)„_l + |C/o| + • • • + |C/j-l| + |C/j| - 1 
^ P2n-2 + \Uj\ - I > P2n-2 + ^ 

P2n-l=i'(p)n-l + |t^0| + ---+|C/,| 

'Zk-i = i'(g)n-i + iV^ol + • ■ • + \V,\ + = L'=(p)„_i + |C/o| + . . . + |C/^.| + 

-P2„-l + |C^J + l| >P2«-1 + 1 

and we see |p^„_2 - q'2n-2\ > 1 and |p^„_i - g^„_i| > 1. 

When considering the case when a = I we see u and v will have 01™ as a sufBx, so we find = 
\U,+,n\ + 1, \Vj\ = \U,\ - 1, and \U,\ - for all other i. We then find \Vj\ > \Vj+i\ > \Vj+^\ > 2, g^„_2 = 
P2«-2 + - 1. and g^„_i = p^„_i + \Vj\. Thus again, |p^„_2 - 92«-2| > 1 and |p!,„_i - g^„_i| > 1. ■ 

The following definitions describe patterns which can occur within a set of subpermutations. 

Definition A subpermutation p — TT[a, a + n] is of type fc, for fc > 1, if p can be decomposed as 

p^ {ai--- afcAi • • • XiPi ■■■ fik) 

where at — j3i + e for each i = 1, 2, . . . , fc and an e G { — 1, 1}- 

Some examples of subpermutations of type 1, 2, and 3 (respectively) are: 

(2 3 541) (2 54 1 3 6) (3 75 1 264) 

Definition Suppose that the subpermutation p — 7r[a, a + n] is of type k so that for e G { — 1,1}, ai = Pi+e 
for each i = 1, 2, . . . , fc. If there exists a subpermutation q — nib, b + n] of type k so that p and q can be 
decomposed as: 

p = TTria, a + n] = (ai • ■ • a^Ai • • • A;/3i • • • /3fc) 
q = TTTib, 6 + n] = (/3i • • • /3fcAi • • • A;ai •••«&) 

then p and g are said to be a complementary pair of type k. If p and g are a complementary pair of type 
< then p = q. 

The subpermutations 

(2 3 54 1) (1 3 542) 

are a complementary pair of type 1 . 
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Lemma 4.2 For the word uj, let p, q, p' , and q' he as above, then p' and q' are not a complementary pair 
of type 1. 

Proof This proof will be done by contradiction, so we assume that p' and q' are a complementary pair of 
type 1. Thus there is an x, where 1 < x < 2?! — 1, so p' and q' can be decomposed as 

p' = T^d{w)[^a, 2a + 2n - 1] = Ai • • • A2„-3 {x + 1)) 
q' = 7r<j(„) [26, 26 + 2n - 1] = ((a; + 1) Ai • ■ • A2„-3 x) 

where each A^ e {1, 2, . . . , 2n}. 

Note that for each z, Ai is not a; or a; + 1. So for each < i, j < n — 1 we have p^^ < p^j if and only if 
12% < 92 J - Because the letter doubling map is order preserving, we then see L^{p)i < L^{p)j if and only if 
L^{q), < L'=(p)j, SO Lfc(p) = L'^iq). 

Let u ~ uj[a, a + n — 1], and w = a;[6, 6 + — 1]. Since p' and q' are a complementary pair they have the 
same form, and since d(u)2n-i = d{u)2n-2 — d{v)2n-2 — d{v)2n-i we find that d(u) = d{v) and u = v. Let 
a G {0, 1} so that uq = vq = a. If d{u)2n-i = d{v)2n-i ^ a we find p'q < P2n-i if ^-^^^ only if < (?2n-iJ 

Then a will either be or 1. We will now consider the case when a is 0. 

Suppose a = 0, so go < Qi a-nd <72ri-2 < 92ri-i (likewise pg < p[ and P2n-2 < P2n-i)- Thus from the 
decomposition of q' above we see 

92«-2 < iL-i <<lo<l'i 

and by Lemma 13.11 we know there is a i 7^ j so that w[6] has Cj as a prefix and uj[b + n — 1] has Ci as a 
prefix. Since u — v, we know that a; [a] has Cj as a prefix as well. Then from Lemma 13.11 the ordering of 
these same terms from p' must be 

P2«-2 <P'o <P2n-l <Pi 

because a = and pg < P2n-ii both uj[a\ and w[a + ?i — 1] have Cj as a prefix. 

Thus L^{p) = L^{q) and each of a; [a + n — 1] and u\b + n — 1] have different Cj classes as a prefix. 
Thus we know that P2n-2 7^ l2n-2 from Lemma 14.11 which is a contradiction to the assumption. A similar 
contradiction is found if a = 1. In this case we see p'l < p'q < P2n-i < -P2n-2 ^i^d ^'1 < '?2n-i < < '?2n-2j 
so a; [a], w[6], and a;[6 + n — 1] each have Cj as a prefix while w[a + n — 1] has Cj+i as a prefix. I 

Claim 4.3 Suppose f is a restriction map, so either f — R, f ^ L, or f = M . If f{p') — f{q') then 
d{u) — d{v). 

Proof Again we havep — 7Tu][a, a+n + fc — 1], q = TTuj[b, 6+?i + fc — 1], u = uj[a, a+n — 1], and v = uj[b, 6+rt — 1]. 

(a) Suppose / = i?, so R{p') = Riq'). For each < i < 2n - 3, < R{p')i+i is and only if 
R{q')i < R{q')i+i and thus d{u)i+i = d{v)i^i. Since (i(u)o = d{u)i and d(f)o — d{v)i, we see d{u)o = 
d{u)i = d(v)i — d{v)o. In a similar fashion we see rf(u)2n-i = d{u)2n-2 = d{v)2n-2 = d{v)2n-i- Thus 
d{u) — d{v) and u ~ v. 

(b) Suppose f — L, so L{p') — L{q') and assume d{u) ^ d{y). Thus for each < < n — 1, 
L{p')2i < L{p')2j if and only if L{q')2i < L{q')2j, so L''{p)i < L''{p)j if and only if L''{q), < L^{q)j so 
L^[p) ^L^{q). Thus w[a,a + n-2] =a;[6,6 + n-2] and so c;(a;)[2a,2a + 2n-3] = d(w)[26, 26 + 2n - 3]. Thus 
d(w)[2a + 2n - 2, 2a + 2n - 1] 7^ rf(w)[26+ 2n - 2,26 + 2n - 1], and so m„_i ^ w„_i. Thus ijj[a + n- 1] and 
Lo\b + n— 1] not only have different Cj classes as a prefix, but they begin with different letters. So as seen in 
Lemma im |p2n-2 ~ 92n-2| ^ 2 and thus L{p')2n-2 and L{p')2n-2 can not be equal which is a contradiction 
to the assumption. Therefore d{u) = d{v) and u = v. 

(c) Suppose / = M, so M{p') = M{q'). For < z < 2n - 3, d{u), = d{v)i as in part (a). Then 
assuming d{u) ^ d{v) we find a contradiction as in part (b), so d{u) = d{v). Therefore if M{p') = M{q') 
then d{u) = d{v), and u = v. I 



13 



We are now to the main result of this section. We show that when 5 is injective we find that both of 5l 
and Sr are injective. 

Proposition 4.4 For the word uj, let p, q, p' , and q' be as above. Then 

(a) p' ~ q' if and only if R{p') — R{q'). 

(b) p' = g' if and only if L{p') = L(q'). 

Proof Again we havep — TTi^[a, a+n + fc — 1], q = TTuj[b, b+n + k — l], u = Lo[a, a+rt — 1], and v = Lo[b, b-\-n — l]. 
For both of these cases it should be clear that if p' = q' then each of R{p') = R{q') and L{p') = L{q'). 
We will again use the notation 

U j = {0 < i < n ~ \ \ uj[a + i] has Cj as a prefix. } 

Vj = {Q < i < n — 1 \ uj[b + i] has Cj as a prefix. } 
and due to the length of u and v we know \Uj \ > 1 and > 1 for each j. 

(a) Suppose p' ^ q' , and assume R{p') = R{q')- So by Claim we know d{u) — d{v) and u = v. 
For each pair of real numbers i ^ j where < i,j < 2n — 2, 

R{p'), < R{p')j ^ R{q'), < R{q')j 

and thus 

<p'j+i ql+i < q'j+i- 

Since p' ^ q' there must be some 1 < i < 2n — 1 so, without loss of generality, 

p'q < P't and q'„ > q-. 

There is an a G {0, 1} so d{u)i — d(v)i = a, and so d(u)o — d{v)Q = a. If d(u)i = d{v)i ^ a we have p'q < p\ 
if and only if qQ < q'^, which would be a contradiction. So d(u)i — d{v)i — a. 

Case a.l: Suppose for 1 < z < 2n — 2 we have Pq < p[ and > 9i- If = d{v)i+i ^ a we 

have c?(u)[0, 1] — aa and d{u)[i, i + 1] = a/?, so p'q < p[ if and only if < q[^ which is a contradiction, so 
d{u)i^i — d{v)i-\-i = a. Thus d(u)[i, i + 1] = d{v)[i, i + 1] = aa and 

p'o < Pi =^ p'l < Pi+i =^ Rip')o < Rip% 

q'o > q'i =^ q'l > q'i+i =^ i?(g')o > Riq')i 
by Claim which contradicts the assumption. Therefore R{p') ^ R{q')- 

Case a.2: Suppose p'^ < P2n-i and > q'2n-i: and for each other i we have p'q < p'^ if and only if < q'^. 
So as above, we have d{u)[0, 1] — d{v)[0, 1] — aa and d{u)[2n — 2, 2n — 1] = d{v)[2n — 2, 2n — 1] = aa. Thus 
Po < P2n-i and q'o > 9^„_i imply 

P2„-l - 1 = R{p')2n-2 = R{q')2n-2 = ^L-l- 

For each 1 < j < 2n — 2 we know 

p'q < p'j ^ qo< q'j R{p')]-i ^ p'j <^ Riq')j-i = q'j 

and so p'^ = q'^ for each 1 < j < 2n - 2. So only p'q ^ q'Q and p^„_i ^ qL-i- Since p^„_i = + 1, it 

must be 

Po = P2n-i - 1 and q'Q = 9^„_i + 1. 
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Let 1 < a; < 2n so that p'^ = <72n-i = x and = P2ri-i — x + 1. Thus p' and q' can be decomposed as 
p' — (x Xi ■ ■ ■ X2n-3 (x + 1)) and q' ~ ((a; + 1) Ai • • • A2ti-3 x). So we have that p' and q' are a complementary 
pair of type 1, which is a contradiction by Lemma W% Thus -R(p') 7^ Riq')- 
Therefore p' = q' if and only if R{p') = R{q')- 

(b) Suppose p' ^ q' , and assume L{p') — L{q'). So by Claim we know d{u) — d{v) and u — v. 
For each pair of real numbers i ^ j where < i^j < 2n ~ 2, 

Lip% < L{p')^ ^ L{q% < L{q')j 

and thus 

As in Claim l473l we can also see that L^{p) — L^{q)- 

Since p' ^ q' there must be some < i < 2n — 2 so, without loss of generality, 

P2n-i < P'l and q2„_i > q[- 

There is an a G {0,1} so d{u)2n-2 — d{v)2n-2 = ol, so d{u)[2n — 2,2n — 1] = d{v)\2n — 2,2n — 1] = aa. 
If d{u)i — d{v)i ^ a we have P2n-2 Pi and only if ^271-2 I'i^ which would be a contradiction, so 
d{u)i — d{v)i = a. It should be noted that i ^ 2n — 2, because d{u)2n-2 — d{v)2n-2 = a so P2n-2 < P2n-i 
if and only if q^„_2 < qL-i- 

Case b.l: Suppose for 1 < i < 2n — 2 we have P2n-i Pi and q2n-i > = = a we 

have d{u)[2n — 2,2n — 1] = aa and d{u)[i — l,i] = aa, so 

P2n-1 < Pi =^ P2n-2 < Pi-1 
92n-l > 9^ =^ QL-I > 9^-1 

which contradicts the assumption. So = d{v)i-i ^ a, say d{u)i^i = d{v)i^i = 13. Thus d{u)[i — 

1,1 + 1] = /3aa and i is an even number, so rather than using i we will use 2c. 

Because d{u)[2n — 2,2n — 1] = d{v)[2n — 2,2n — 1] = aa we know P2n-2 < ?'2n-i if and only if 
12x1-2 < l2n-i> and thus p^„_2 = L{p')2n-2 if and only if L(q')2ri-2 = '72«-2! so p^„_2 = l'2n-2 because 
L{p') = L{q'). 

If a = we find 

P2«-2 < P2»-l < P'2c < pL+I and q2n-2 < 92c < QL-I < iL+l, 

and if a = 1 we find 

Q2C+1 < <l2c < iL-l < 1^-2 and p^^+i < Pan-l < pL < P2n-2- 

In either case, uj[a + n — 1] and uj[b + n ~ 1] each have a different Cj class as a prefix. So by Lemma |4. II we 
have |p2n-2 ^ 'Z2n-2| ^ 1' which is a contradiction to the assumption, and L{p') ^ L{q'). 

Case b.2: Suppose P2n-i < -Po and g2n-i > 9oj and for each other i we have p'q < p\ if and only if 
< g^. So as above we have (i(u)[0, 1] = (i(w)[0, 1] = aa and d(u)\2n — 2, 2ri — 1] = (i(u)[2n — 2, 2n — 1] = aa. 
Thus P2n-i < Po and (Z2n-i > 9o imply Po ^ ^(p')o — L{q')Q = (/q — 1. For each 1 < j < 2n — 2 we know the 
following 

P2n-i <Pj qL-i < Qr ^(P'h =P'j L{<l')j ^Qp 

and thus p'j = q'- for each 1 < :/ < 2n — 2, because L{p')j = L{q')j. 

So only ^ g() and P2„-i ^ ^k-i- Since = Po + 1^ it niust be p'2„-i = Po - 1 and q!^^_^ = q'^ + 1. 
Let 1 < a; < 2n so that P2t!-i — q'o — ^ and g2Ti-i = Po = + 1- So once again we have that p' and q' are a 
complementary pair of type 1, which is a contradiction by Lemma 14.21 Thus L{p') ^ L{q'). 

Therefore p' = q' if and only if L{p') = L{q'). ■ 



15 



Therefore when S is injective, Sr and 6l are both injective as well. A troubling fact is the map 5 being 
injective does not imply Sm is injective. As will be shown for the Thue- Morse word T, there are cases 
of distinct subpermutations p and q where S{p) ^ 5{q) but 5{p)m = Sm^q). The following sections deal 
with some different words and we will show when S and 6m are injective, but these proofs will use special 
properties of the words considered. 

5 Sturmian Words 

In this section we will investigate the permutation complexity of Sturmian words under the doubling map. 
An infinite word s is a Sturmian word if for each n > 0, s has exactly n + I distinct factors of length n, or 
Ps{n) ~ n + 1 (the only factor of length n = being the empty- word). Thus since Ps(l) = 2, it should be 
clear that Sturmian words are binary words. The class of Sturmian words have been a topic of much study 
(see [31 [SI [7]). An equivalent definition for Sturmian words is that they are the class of aperiodic balanced 
binary words. A word is balanced if for all factors u and v with |u| — \v\, \\u\^ ~ \v\^\ < 1 for each a in the 
alphabet. 

First we will show when the map S is applied to permutations from a Sturmian word, S is injective and 
thus a bijection. Then we show the maps Sr, Sl, and (5j\/ are injective as well and thus also bijections. First 
we look at the permutation complexity of the Sturmian words which has been calculated. 

Lemma 5.1 ( 10 ) Let s be a Sturmian word. For natural numbers ai and 02 we have TTsfai, ai + n + 1] = 
t:s[o-2, 02 + n + 1] if and only if s[ai, ai + n] = s[a2, 02 + n] . 

Theorem 5.2 (|10|) Let s be a Sturmian word. For each n >2, Ts{n) — n . 

If s is a Sturmian word, then d{s) is not Sturmian. The word d{s) will contain both 00 and 11 as factors 
and is not balanced. Thus we know tj^(s) (jt-) > 

Fix a Sturmian word s over {0, 1}. Since s is balanced, there is some fc > so that for a,/3 G {0, 1}, 
with a ^ (3, every a is followed by either k or k — 1 /3's. So consecutive a's will look like either af3^a or 
af3''~^a. For example consider the Fibonacci word, t = 01001010010010100101 ••• , where consecutive I's 
look like either 1001 or 101. 

Let d{s) be the image of s under the doubling map. Let tt^ be the infinite permutation associated to s, 
and Trd{s) be the infinite permutation associated to d{s). We will now calculate the permutation complexity 
of d{s). By Lemma [2T3l we may assume there is a natural number A; > so that each 1 is followed by either 
O'^l or 0'^~^1, because d{s) and d{s) have the same permutation complexity. There will be fc + 1 classes of 
factors of s, which are Co = 0*^, Ci — O'^^^l, • • • , Ck-i = 01, Ck = 10. For each i gN, s[i] — s^Si+i ■ ■ ■ will 
have exactly one the above classes of words as a prefix. Since Sturmian words are uniformly recurrent ([5]), 
there is an G N so that each factor of s of length n > N will contain each of Cq, Ci, . . ., Cfc. 

Let u = s[a, a + n— 1] and v = s[b, b + n — 1], a ^b, be factors of s of length n > N, so Cj is a factor of 
both u and v for each < j < fc. For < j < k define 

Uj = {Q<i<n — 1\ T[a + i] has Cj as a prefix. } 

= {0 < i < n - 1 \ T[b + i] has Cj as a prefix. } 

and |f7o| + \Ui\ + ■ ■ ■ + \Uk\ = |Vo| + |Vi| + ••■ + \Vk\ = n. Since |u| ^ \v\ > N we know for each j 
there is an occurrence of Cj in both u and v so \Uj\ > 1 and \Vj\ > 1. Let p = T:s[a, a + n + k — 1] and 
q — TTs [6, 6+n+fc— 1] be subpermutations of . Then define subpermutations 5 (p) = p' = 7r(;(s)[2a, 2a-|-2n— 1] 
and S{q) — q' — TTd(s)['^b, 2b + 2n — 1] as in Proposition 13.21 The following lemma concerns the relationship 
of p and q to p' and q' . 

Lemma 5.3 For the Sturmian word s, let p, q, p' , and q' be as above. Then p = q if and only if p' ~ q' . 
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Proof li p = q, then it follows from Lemma [3.51 that p' = q' . 

Then suppose that p ^ q. Thus p and q have a different form by Lemma 15.11 Thus there is an 
0<i<n + fc — 2so that, without loss of generality, pi < pi^i and qi > qi+i- We will look at the least 
i where this happens and it will be handled in two cases. First when < « < n — 1, and then when 
n<i<n + k — 2. 

Case a: Suppose 0<i<n— lis the least i where pi < Pi+i and qi > qi+i- Then p' ^ q' follows from 
Corollary [3H 

Case b: Suppose n<i<n + fc — 2is the least i where pi < Pi+i and qi > qi+i- Thus we know 
u = s[a, a + n — 1] = s[b, b + n — 1] ~ v, and so L^{p) = L^{q) by Lemma [5TT1 

If Un-i = Vn~i — 1, then both u and v are followed by O''"^ so s[a, a+n+Zc — 2] = s[6, b+n+k — 2] = uO'^^^ 
and p = q contradicting the assumption. Thus — Vn-i — 0, and letting m = i — n + 1 

s[a] = uO"l • • • , s[6] = uO'"-^ • • • . 

Thus we can see that s[a + n — 1] and s[6 + n — 1] each have a different Cj class as a prefix. So by Lemma 

O |P2n-2 - <Z2n-2| > 1 ^ud |p2«-l - l2n-l \ > 1 ^ud thuS p' ^ q' . 

Therefore p = g if and only if p = g. I 

Thus the map S is injective when applied to permutations associated with a Sturmian word, and is therefore 
bijective. When Lemma [5.31 is used with Proposition 14.41 we see the maps Sl and 5r are also injective, and 
thus are bijections. We will now show the map 6ai is also injective when applied to permutations associated 
with a Sturmian word. 

Lemma 5.4 For the Sturmian word s, let p, q, p' , and q' be as above. Then p' = q' if and only if M{p') = 
M{q'). 

Proof It should be clear that if p' = q' then M{p') = M{q'). 

Suppose p' ^ q' , and assume M{p') — M{q'). For each pair of real numbers i j where < i, j < 2n — 3, 

Mip% < M{p'), ^ Miq% < M{q'), =^ p^+i <p;.+i ^ < qj+i. 

From Claim [4731 we know d{u) = d{v) and u — so L^{p) — L^{q) because they have the same form. 
From Proposition 14.41 we know R{p') ^ RW) and L{p') ^ L{q') because p' ^ g', but 

R{L{p')) = M{p') - Miq') = R{L{q')). 

Thus there is an 1 < i < 2n — 2 so that L{p')o < L{p')i and L{q')o > L{q')i. 

If 1 < i < 2n — 3, we find a contradiction in the same fashion as in Proposition 14. 4[ case (a.l). Thus we 
can assume that i = 2n — 2 is the only i so that L{p')q < L{p')i and L(g')o > L{q')i. Thus 

L(p')o < L{p')2n-2 => P'o <P2n-2 =^ PO < Pn-1 => ^''(p)o < 

L{q')o > L{q')2n-2 =^ % > 9^-2 =^ qo > Qn-i =^ {q)^ > [q)n-i, 

and L^{p) ^ L''{q), and so by Lemma [5.11 we see u ^ v and d(u) ^ d{v) which is a contradiction to the 
assumption. Therefore M{p') ^ M{q'). 

Therefore p' = q' if and only if M{p') = M(g'). ■ 

Thus we see, for a Sturmian word s, 

p = q 4=^ S{p)^S{q) Sm{p) = SM{q) 

and thus the map Sm is also injective, and thus is a bijection. The following theorem will give the permutation 
complexity of the image of a Sturmian word under the letter doubling map. 
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Theorem 5.5 Let s he a Sturmian word over A, where for a, l3 E A, a ^ jS, there are strings of either k or 
k — 1 a between each /3. There is an N so that each factor of s of length at least N will contain each of , 
a^^^P, . . . , a/3, fi. For each n > 2N the permutation complexity of d{s) is 

Td{s){n) = n + 2fc + 1 

Proof Let s be a Sturmian word as in the hypothesis, and let n > 2N. Then there is m > iV so that either 
n = 2m 01 n — 2m — 1. Since s is Sturmian, each of (5, Sl, Sr, and Sm are bijections, and so 

Permg^'')(2m - 1) = |Perm'*(TO + fc)|, Permg^''^(2m) = |Perm'*(rn + fc)|. 



Thus 



Perm^^^j(2m - 1) = |Perm'*(m + fc)|, Perm";;*^^ (2m) = |Perm'*(TO + k + 1)\ 

Td(,){2m - 1) = Perm''(^)(2m - 1) = Perm;?(")(2m - 1) + Perm^^*j(2m - 1) 
= (m + fc) + (to + fc) = (2m - 1) + 2fc + 1 



d{s) 



rd(s)(2TO) 



Perm;?(^)(2m) 



Perm''(^) (2to) 
= (m + fc) + (to + fc + 1) = 2to + 2fc + 1 

Therefore for either n ~ 2m or n = 2m — 1, t^(s) (^i) = n + 2k + 1. 



Pcrnifi'j(2m) 



6 Thue-Morse Word 

In this section we wih investigate the permutation complexity of d{T) , the image of the Thue-Morse word, 
T, under the doubling map, d. The Thue-Morse word is: 

T ^ 01101001100101101001011001101001 ■ • • , 



and the Thue-Morse morphism is: 



AiT : ^ 01, 1 ^ 10. 



This word was introduced by Axel Thue in his studies of repetitions in words (|T2])- For a more in depth 
look at further properties, independent discoveries, and applications of the Thue-Morse word see [T]. 

A nice property of the factors of T is that any factor of length 5 or greater contains either 00 or 11. 
Another interesting property is that for any z G N, T[2i, 2i + 1] will be either 01 or 10. Thus any occurrence 
of 00 or 11 must be a factor of the form T[2i + 1, 2i + 2] for some i €N. Therefore any factors T[2i, 2i + n] 
and T[2j -I- 1, 2j + 1 + n] where n > 4 cannot be equal based on the location of the factors 00 or 11. 

The factor complexity of the Thue-Morse word was computed independently by two groups in 1989 ([4] 
and [8]). The calculation of the permutation complexity of d{T) will use the formula for the factor complexity 
of T. We will use the formula calculated by S. Brlek. 

Proposition 6.1 (A^) For n > 3, the function prin) is given by 

fe • 2''-i + 4p <p < 2'-i 
|8-2'-i + 2p 2''-i<p<2'' 

where r and p are uniquely determined by the equation 



n:=2''+p+l, 0<p<2'' 
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Let ttt be the infinite permutation associated to the Thue- Morse word T. In '13', the permutation 
complexity of T was calculated. 

Theorem 6.2 ([13]) For any n > 6, where n = 2"^ + p with < p < 2^ , 

TT(n) = 2(2''+i+p-2). 

We will now investigate the permutation complexity of d{T) . To begin, we consider complementary pairs 
which occur in ttt- 

Theorem 6.3 (|13|) Let p and q be distinct subpermutations of ttt- Then p and q have the same form if 
and only if p and q are a complementary pair of type k, for some fc > 1. 

The left and right restrictions preserve complementary pairs of type k > 2, and middle restrictions 
preserve complementary pairs of type fc > 3. Proposition 16.41 follows directly from [T^, Proposition 4.1. We 
then see when complementary pairs of type k can occur, for each fc > 0. 

Proposition 6.4 ((13j) Suppose p =^ TTT[a,a + n] and q = nT[b,b + n] are a complementary pair of type 
fc > 1. 

(a) L{p) and L{q) are a complementary pair of type fc — 1. 

(b) R{p) and R{q) are a complementary pair of type fc' — 1. 

(c) M(p) and M(q) are a complementary pair of type fc — 2. 

Proposition 6.5 (il3j) Let n > A be a natural number and let p and q be subpermutations of ttt of length 
n + 1 with the same form. There exist r and c so that n — 2'' + c, where < c < 2'' . 

(a) //O < c < 2"-^ + I, then either p ^ q or p and q are a complementary pair of type c + 1 . 

(b) If 2"-^ + 1 < c < 2^ then p ^ q. 

Thus only subpermutations of length 2*" + 1, for some r > 1, can be complementary pair of type 1, and only 
subpermutations of length 2'' + 2, for some r > 1, can be complementary pair of type 2. 

Now to calculate the permutation complexity of d{T) we need to identify the classes of factors of T with 
blocks of the same letter. Since T is overlap-free, and thus cube free, we can identify the 4 classes of factors 
of T, which are Co = 00, Ci = 01, C2 = 10, and C3 = 11. For each i e N, T\i] = T^T^+i ■ ■ ■ will have exactly 
one the above classes of words as a prefix. Since the Thue-Morse word is uniformly recurrent ([1]), there is 
an £ N so that each factor of T of length n > N will contain each of Co, Ci , C2 , and C3 . It is readily 
verified that any factor of length n > 9 will contain these 4 classes of words. 

Let u — T[a, a + n ~ 1] and v ~ T[b, b + n — 1], a ^ b, be factors of T of length n > 9, so Cj is a factor 
of both u and v for each < j < S. Let p = 7rT[a, a + n + 1] and q ^ TrT[b, b + n + I] be subpermutations of 
TTT- Then define subpermutations S(p) = p' = iTdiT) [2a, 2a + 2ri — 1] and d{q) = q' = i^d{T) [2&, 26 + 2n — 1] as 
in Proposition 13.21 with k = 2. The following lemma concerns the relationship of p and q to p' and q' . 

Lemma 6.6 Let p and q be subpermutations of length n + 2 of ttt, with n > 9, and let p' — 6{p) and 
q' - 5(p). 

(a) If n =/= 2^ — 1 or 2^ for any r > 3, p = q if and only if p' = q' . 

(b) If n = 2'' — 1 or 2"^ for some r > 5, p and q have the same form if and only if p' — q' . 
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Proof Let p — 7TT[a,a + n + 1] and q = TrT[b,b + n + 1], a ^ b, be subpermutations of ttt of length n + 2, 
with n > 9, and let u = T[a, a + n — 1] and v = T[b, b + n — 1]. Since the length of u and v is at least 
9, each of Co, Ci, C2, and C3 occurs in both of u and v. Then let p' = S{p) = 7rd(r)[2a, 2a + 2n — 1] and 
q' = 5{q) = 7r(i(y)[2&, 26 + 2n — 1] as in Proposition 13.21 



(a) Suppose n ^ 2*" — 1 or 2'' for any r > 3. li p = q then p' = q' by Lemma 13.51 

Suppose p ^ q. Then either p and q have the same form, or they do not have the same form. These 
cases will be handled independently. 

Case (a.l) Suppose p and q have the same form. Since ^ 2'' — 1 or 2'' and p and q have the same 
form, p and q are a complementary pair of type fc > 3, by Theorem 16.31 and Proposition l6.4l Thus L'^{p) and 
L^{q) are a complementary pair of type fc — 2, where fc — 2 > 1, and so L^{p) 7^ L'^io)- Therefore p' ^ q' , by 
Corollary [3H 

Case (a. 2) Suppose p and q do not have the same form. Thus there is an < i < n so that, without 
loss of generality, pi < pi+i and qi > qi+i- We may say i = n is the only i so that pi < Pi+i and qi > qi+i, 
because if there is an < i < n — 1 so < pi+i and qi > qi+i then u ^ v, and p' ^ q' by Corollary 13.41 
We may also say L'^{p) = L'^iq), because if L'^{p) 7^ L'^{q) then p' ^ q' be Corollary 13.41 Thus u = v and 
Pn < Pn+i and q„ > g„+i and we see 

T[a] = uO • • • r[&] = wl • • ■ = Ml • ■ • . 

Thus r[a+n— 1] and T[6+n— 1] each have a different class as a prefix and by Lemma [4.11 |p2n-2 ~ 92n-2 1 — 
1 and |p'2„_i - q'2n-i\ >lsop' ^ q' . 

Therefore if p and q are subpermutations of ttt of length n + 2, with n 7^ 2'' — 1 or 2*" for any r > 3, 
p = g if and only if p' = q' . 



(b) Suppose n = 2'' — 1 or 2*" for some r > 3. If p and q do not have the same form, there is an < i < n 
so that, without loss of generality, pi < Pi+i and qi > qt+i and p ^ q. Thus p and g are as in Case (a. 2), 
and p' ^ q' . 

Suppose p and q have the same form, so for each < i < n — 1, there is some j so that both T[a + i] and 
T[b + i] have as a prefix. We can say p ^ q, because ii p — q then p' = q' by Lemma 13.51 By Theorem 
6.31 and Proposition 16. 5( p and q are a complementary pair of type 1 or 2 and (p) = (q) by Proposition 
01 So by Corollary [331 p' ^ q' ■ 

Therefore if p and q are subpermutations of ttt of length n + 2, with n = 2^ — 1 or 2*" for some r > 3, p 
and q have the same form if and only ii p' — q' . ■ 



Thus, for n > 9, the maps 5, 5l, and Sb. when applied to permutations associated with the Thue- 



Morse word are injective when n 7^ 2^ — 1 or 2*" for any r > 3, so 

Perm^(^)(2n- 1; 
When n = 2'' 



I Perm (n + 2)| 



I Perm"* (n + 2) | , and Perm^^^ (2n — 1 



I Perm"^ {n - 



2) 



1 or 2^ for some r > 3 the maps S, Sjj, and Sl are surjective, but not injective because 
complementary pairs of type 1 or 2 will give the same subpermutation under S. In this case, if p and q are 
subpermutations of tt^ of length n + 2, where p has form u and q has form \u\ = 1^1 = n + 1, S{p) = S{q) 
if and only ii u ^ v. Thus with Proposition 14.41 we see 5l{p) = SLiq) and 5r{p) — (5/j(q) if and only ii u = v. 
Thus the number of subpermutations of tTiK^t) for these lengths are determined by the number of factors of T, 



Perm:|f)(2n) =|J-r(n + l)|, Permff )(2n - 1) 



Peirn}I\2n 



odd 



1) =\TT{n + l)\. 



\J^T{n + 1)1, and 

The following lemma shows when the map 5m is injective when applied to permutations associated with 
the Thue-Morse word. 

Lemma 6.7 For the Thue-Morse word T , let p, q, p' , and q' be as above. Then 
(a) Ifn ^ 2'- - 1, 2\ or 2'' + 1 /or any r>S,p'^q' if and only if M{p') = M{q'). 
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(b) If n = 2^ — 1, 2^ , or 2'' + 1 for some r > 3, p and q have the same form if and only if M{p') = M{q'). 

Proof Let p ^ tttIo,, a + n + 1] and q = TTxib, b + n + 1] be subpermutations of ttt of length n + 2 > 11, and 
p' — 6{p) and q' ~ d{q) as in Proposition 13.21 Let u — T[a, a + n — 1] and v = T[b, b + n — 1]. It should be 
clear for either case that if p' = q' then M{p') = M{q'). 
We will again use the notation 

C^j = {0<i<n — 1| T[a + i] has Cj as a prefix. } 

= { < i < n - 1 I r[fe + i] has Q as a prefix. } 
and due to the length of u and v we know \Uj \ > 1 and | > 1 for each j. 

(a) Let 71^2' - 1, 2'^, or 2'' + 1 for any r > 3. It should be clear that Hp' = q' then M(p') = M{q'). 
Suppose p' ^ q' , so p ^ q by Lemma 16. 6[ and assume M(p') = M{q'). For each pair of real numbers 

i j where < i, j < 2n — 3, 

M{p'), < M{p )j M{q'), < M{q')j =^ < P'j+i <l'^+l < q'j+i- 

Since M{p') = M{q') then d{u) = d{v), by Claim g^l and sou = v. 

Case (a.l) Suppose p and q have the same form. By Theorem 16.31 and Proposition 16.51 p and q are a 
complementary pair of type fc > 4. By Proposition 16.41 L^{p) and L'^{q) are a complementary pair of type 
fc — 2 > 2. Thus, without loss of generality, L^(p)fc_2-i + l = L'^{p)n~i and L^(g)„_i + 1 = L'^{q)k-2-i- Thus 
i^(p)fc-3 < L'^{p)n~i and L'^{q)k^3 > L'^{q)n-i, so p'2fc-6 < P2«-2 and g^j._g > q2n-2- Thus M{p')2k-5 < 
M{p')2n-3 and M{q')2k-5 > M{q')2n-3 so M{p') ^ M{q') which is a contradiction. 

Case (a. 2) Suppose p and q do not have the same form. Because p' ^ q' , R{p') ^ R{<l') and L{p') ^ ^((7') 
by Proposition 14.41 but 

R{L{p')) = Af(p') - A/(q') = 

Thus there is an 1 < i < 2ri — 2 so that L{p')o < L{p')i and L{q')() > L{q')i. If 1 < i < 2ri — 3, we find a 
contradiction in the same fashion as in Proposition 14.41 case (a.l). Thus we can assume that i = 2n — 2 is 
the only i so that L{p')o < L{p')i and L{q')o > L{q')i. Thus 

L{p')o < L{p')2n-2 =^ P'o <V2-n-2 => PQ < P2n-1 =^ {p)o < L^{p)n-\ 
L{q')o > L{q')2n-2 =^ % > 92n-2 =^ 90 > '?2n-l =^ i^('?)o > L^{q)n-1 

SO L'^ip) ^ L'^iq), and u — v. Thus, by Theorem 16.31 and Proposition 16.51 L'^{p) and L'^{q) are a complemen- 
tary pair of type k > 2. Thus, without loss of generality, L'^{p)k-i < L^{p)n-i and L'^{q)k-i > £^(q)„„i, 
so p'2k-2 < -P2n-2 ^nd (7^j._2 > q'2n-2- Thus M{p')2k-i < M(p')2n-3 and M{q')2k-i > M(q')2„-3, which 
contradicts the assumption that M{p') = M{q'). 

Therefore if n 7^ 2'' - 1, 2'', or 2'' + 1 for any r > 3, p' ^ q' if and only if M(p') = M{q'). 

(b) Let n 2" - 1, 2^ or 2'' + 1 for some r > 3. 

Case (b.l) Suppose p and q have the same form. So for each < i < n. 

Pi < pi+i qi < qi+i. 

So we know for each i, T[a + i] and T[b + i] both have the same Cj as a prefix, so 

i e Uj i e Vj 

and so \Uj\ = \Vj\ for each j. 

If p = q, then p' = q' and Af {p') = M {q'), so we can say p ^ q. If n = 2^ — 1 or 2'' then p' = q' by Lemma 
16.61 and M{p') = M(q'), so we can say n = 2*" + 1 for some r > 3. Thus p and q are a complementary pair 
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of type 3 by Theorem 16.31 and Proposition 16. 5[ and L? (p) and (q) are a complementary pair of type 1 by 
Proposition 16.41 So, without loss of generality, there is some l<a;<n — Iso that L'^{p)a ~ L'^{q)n-i = x 
and L^{p)n-i — L'^iq)o = x + 1, and for each 1 < i < n — 2 L'^(p)i = L^iq)i- 

Since p and q are a complementary pair of type 3 we know T[a,a + 1] = T[a + n — 1, a + n] , thus we know 
T[b,b+1] = T[b + n — 1 , b + n] = T[a,a+1] because u = v. So there is a j so that each of r[a], T[a + n — l], 
T[b], and T[b + n — 1] each have Cj as a prefix. So by Proposition 13.21 there are some y and z so that 

Po = y q'a = y + ^ 

p[= z q[^ z + l 

V'ln-1 = y + 1 '?2n^2 = V 

V2n-\ =2 + 1 92n-l — ^ 

and for each 2 < i < 2n ~ p'^ — q[. The order of y and z will be either y<y + l<z<z + l (so 
Ta = Tb = 0) or z < z + 1 < y < 2/ + 1 (so Ta = Tb = 1). If y < y + 1 < z < z + 1, then M(p')o = 
z - 1 = M (g')o and M (p')2n-2 = y = M{q')2n-2- Ifz<z + l<y<y+l, then M {p')o = z = M (g')o and 
M(p')2n-2 =2/^1 = M{q')2n-2- In either case we have, for 2 < j < 2n — 3, 

p ■ < y <J=> q - < y + 1 and p ■ < z + 1 ■^=> q'i < z 

so M(p'),_i = A/(q')»-i- Therefore Af(p') = M{q'). 

Therefore if p and q have the same form then M{p') — M{q'). 

Case (b.2) Suppose p and q do not have the same form, and assume M{p') = M{q'). If p and q do 
not have the same form, there is an < « < n so that, without loss of generality, pi < Pi+i and qi > g^+i 
and p ^ q. By Lemma [6.61 p' ^ q'. Then as in Case (a. 2) we find a contradiction to the assumption, so 
M{p')+M{^). 

Therefore p and q have the same form if and only if M{p') ~ M{q'). ■ 

Thus, for n > 9, the map 5m when applied to permutations associated with the Thue-Morse word are 
injective when n ^ 2^ ~ 1, 2'', or 2'' + 1 for any r > 3, so Perm^^p(2rt — 2) = |Perm'^(n + 2)|. 

When n = 2'' — 1, 2^, or 2'" + 1 for some r > 3 the map 6m is surjective, but not injective. In 
this case, if p and q are subpermutations of ttt of length n + 2, where p has form u and q has form v, 
\u\ — \v\ =71 + 1, Sm{p) = ^A/('z) if and only if u — v. Thus the number of subpermutations of tt^it) of 
length 2n — 2 which start in an odd position are determined by the number of factors of T of length n + 1, 



so 



PermfiP(2n-2) ^\TT{n + l)\. 



We are now ready to calculate the permutation complexity of d{T). 
Theorem 6.8 For the Thue-Morse word T, let n > 9. 
(a) Ifn^ 2^ then 



Trf(T)(2n-l) = 2-^+2 + 2'-+i 
Trf(T)(2n)-2'-+2 + 2'-+i+4 

(b) Ifn = 2'^+p for some <p <2^ - I, then 

Trf(T)(2n-l) = 2'-+-V4p 

Trf(T)(2n) = 2'-+3 + 4p + 2 

Proof Let n > 9. 



(a) Suppose rt = 2*". So 2n — 2(2'') — 2(2'' + 1) — 2, and from Lemma [6.61 and Lemma [6.71 each of the 
maps S, 6l, Sr, and Sm are only surjective. 
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So 71 + 1 = 2'' + 1 = T-^ + T-^ + 1, and n + 2 = 2'' + 2 = 2'' + 1 + 1. So by Proposition O 
Trf(T)(2n - 1) = |Pcrmff )(2n - 1)| + |Pcrmf(p(2n - 1)| = \TT{n + 1)| + \TT(n + 1)| 
= 8(2'-2) + 2(2'-i) + 8(2''-2) + 2(2'^-!) = 2''+^ + 2''+^ 



rd(7.)(2n) = |Perm^f )(2n)| + |Perm:;(p(2n)| = \TT{n + 1)| + \TT{n + 2)| 
= 8(2'-2) + 2(2'-i) + 6(2''-i) + 4(1) = 2"^+^ + 2'^+^ + 4 



(b) Suppose n = 2'' + p. There will be 3 cases to consider. First when < p < 2*" — 3, next when 
p = 2'' — 2, and finally when p = 2'' — 1. 

(b.l) Suppose < p < 2'' - 3. So 2n = 2(2'' + p) = 2(2'' +p + 1) - 2, and from Lemma ISTBl and Lemma 
16.71 each of the maps 5, (5^, (S/j, and 8m are injective. 

So n + 2 = 2'' + p + 2, and n + 3 = 2'' + p + 3. So by TheoremO 

Tiij-){2n - 1) = PermfJi^^(2n - 1) + Permf^p(2n - 1) = |Perm^(n + 2)| + |Perm^(n + 2)| 



2(2'' + p + 2 - 2) + 2(2"^ + p + 2 - 2) = 2 



r+2 



4p 



Td(T)(2?- 



Perm^^"^' (2n 



Permf(p(2n; 



I Perm"'" (n + 2) I + |Perm"^(n + 3) I 



2(2'' + p + 2 - 2) + 2(2'^ + p + 3 - 2) = 2''+^ + 4p + 2 



(b.2) Suppose p = 2'' — 2, so n = 2'' + 2*" — 2 = 2'+^ — 2. From Lemma each of the maps (5, 8l; and 
are injective. Then we have 2n = 2(2''+^ — 2) = 2(2'"+^ — 1) — 2 and by Lemma [6.71 the map 8m is only 
surjective. 

So n + 2 = 2''+i = 2" + 2"^ = 2"^ + {T - 1) + 1. So by Proposition [H] and Theorem[0] 



Trf(T)(2n-l)= Perm^(^)(2n- 1) + Permf^^ (2n - 1) = |Perm^(n + 2) | + |Perni^(n + 2) | 
= 2(2'^+! + 2'' - 2) + 2(2'^+! + 2"^ - 2) = 2"^+^ + 2"^+^ - 8 = 2"^+^ + 4(2"^ - 2) 



r<j(T)(2n)= Perm;?('^)(27i) + Pcrm;J^P(2n) = |Perm^(n + 2)| + + 2)| 



2(2"^+^ + 2'' - 2) + 8(2'^-!) + 2(2'' - 1) 2 



6 = 2''+3 + 4(2'' - 2) + 2 



(b.3) Suppose p = 2'' - 1, so 71 = 2'' + 2'' - 1 T'+^ - \. So 2n = 2(2''+i - 1) = 2(2''+i) - 2, and from 
Lemma 16.61 and Lemma 16.71 each of the maps (5, (5^, (5/?, and (5m are only surjective. 

So 71 + 1 = 2''+i = 2'' + (2'' - 1) + 1, and n + 2 = 2''+i + 1 = 2'' + 2'' + L So by Proposition O 



Trf(T)(2n-l)= Perm^f)(2n-1) 



Permf(P(2n-l) 



|J-T(n + l)| + |J-T(7i+l)| 



8(2'-^) + 2(2"^ - 1) + 8(2''-^) + 2(2"^ - 1) = T^'^ + T^"- - 4 = T^'^ + 4(2'' - 1) 



rd(T)(27i) = |Permff )(2«)| + | Permf (27.) | = |J-T(n + 1)| + \TT{n + 2)| 

= 8(2''-i) + 2(2'' - 1) + 8(2''-!) + 2(2"^) = 2''+^ + 2^+2 - 2 = 2''+^ + 4(2'' - 1) + 2 
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